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We investigate theoretically the many-body pairing of a strongly correlated two-dimensional Fermi
gas with and without negative confinement-induced effective range. Using a strong-coupling effective
field theory in the normal state, we show that the specific heat at constant volume can be used as
a characteristic indicator of the crossover from the normal Fermi liquid to the pseudogap state in
two dimensions. We calculate the pseudogap formation temperature through the specific heat at
constant volume, examining the role of a negative confinement-induced effective range on many-body
pairing above the superfluid transition. We compare our results with and without effective range
to the recent experimental measurement performed with radio-frequency spectroscopy in Murthy et
al. [Science 359, 452-455 (2018)]. Although a good qualitative agreement is found, we are not able
to discriminate the effect of the confinement-induced effect range in the experimental data.
I. INTRODUCTION
The role of many-body pairing in Fermi systems above
the critical superfluid temperature - the so-called pseu-
dogap pairing - is a complex and intriguing problem.
It has been long recognized that the pseudogap pair-
ing is important in underpinning superconductivity in
high-temperature superconductors [1–3], however due to
quantum fluctuations such pairing is difficult to under-
stand [4, 5]. The advancement of experimental tech-
niques in trapping and control of interactions in ul-
tracold Fermi gases makes them an ideal platform to
study high-temperature many-body pairing across the
crossover from a Bose-Einstein condensate (BEC) to a
Bardeen-Cooper-Schrieffer (BCS) superfluid [6]. Two-
dimensional (2D) ultracold Fermi gases are of partic-
ular interest due to the increasingly important role of
quantum fluctuations in low dimensions and it is ex-
pected that the interaction and temperature regimes
where pseudogap pairing dominates, known as the pseu-
dogap regime, is much more pronounced [5, 7].
Probing the pseudogap regime is difficult as there
is no conclusive phase transition across the BEC-BCS
crossover. The most widely used theoretical definitions
of the pseudogap formation temperature are when a min-
imum enters the density of states (DoS) or there is a
”backbend” in the spectral function [4, 5, 8–11]. How-
ever, there is no uniquely defined transition and these
methods can lead to competing formation temperatures.
For example, in 2D the suppression entering the DoS
near the Fermi surface leads to a limit in the weakly
interacting BCS regime where pairing and condensation
occur at different temperatures. Hence, one has to take a
more significant suppression in the DoS to define a con-
sistent and meaningful pseudogap formation temperature
[12]. Another technique to observe the effects of many-
body pairing is to calculate the equation of state (EoS)
and thermodynamic properties [13]. It has been observed
that the spin susceptibility and specific heat at constant
volume contain information about the pairing in a three-
dimensional interacting Fermi gas and a characteristic
transition temperature can be defined [14]. In this work
we will determine the pseudogap regime using the specific
heat at constant volume in two dimensions and compare
to the pseudogap regime predicted from the suppression
in the DoS (see, i.e., Ref. [12]).
On the experimental side, the advancement of trapping
techniques over the last few years has seen a set of impor-
tant measurements on 2D interacting Fermi gases [15–
18]. There was much debate about the pairing regime
found in these experiments [12, 19, 20], where it was ar-
gued that the regime probed was not many-body pairing,
but two-body pairing. In order for many-body pairing to
exist the Fermi gas must have a defined Fermi surface and
pairing comes from the many-body nature of the system,
which is seen to be true for a chemical potential µ > 0.
However, it has also been argued by Ref. [20] that the
criterion of a positive chemical potential is too strict and
that many-body pairing can exist for a wider interac-
tion and temperature range. Recent experimental work
by Murthy in Ref. [21] has seemingly observed the high-
temperature pairing in 2D Fermi gases for a wide range
of interaction strengths and temperatures, although they
did not determine a phase diagram.
All previous theoretical methods used to study the
pseudogap regime in two dimensions (i.e., x − y plane)
have relied upon a single channel model of fermions
with a contact interaction. It has been found that
this model works very well in explaining experimental
data for both below the Berezinskii-Kosterlitz-Thouless
(BKT) transition [22–26] and the EoS in the normal state
[12, 19, 20, 27–30]. However, recent measurements on
the breathing mode and quantum anomaly of 2D Fermi
gases [31, 32] have found a significant deviation from the
state-of-the-art theoretical prediction using the single-
channel model [33, 34]. This difference could not be ex-
plained through a temperature dependence of the exper-
imental data alone [35], and including higher-order ex-
citations along the z-axis of the quasi-2D system is cru-
cial in capturing the reduced breathing mode anomaly
[36, 37]. Theoretical studies focused on the importance
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2of the quasi-2D nature of scattering and the increased
role of confined fermions being able to occupy higher
excited single-particle states along the z-direction, even
when the trapping is extremely tight [37–40]. Including
dressed molecules within a two-channel model has been
found to effectively describe this situation [37, 41], where
the molecular state encapsulates the higher excited states
and characterizes a confinement-induced effective range
of interactions. This highlights the importance of under-
standing the pseudogap regime by using the two-channel
model.
The purpose of this work is to understand the role
played by the confinement-induced effective range on
many-body pairing within the two-channel model. Using
a field theoretic method to include pairing fluctuations,
we calculate the pseudogap formation temperature from
the specific heat at constant volume, T˜ [14]. We compare
this characteristic temperature to the pseudogap temper-
ature determined through a suppression in the DoS at
the Fermi surface. We find that when using the defini-
tion of the pseudogap temperature, T ∗, as a dip in the
DoS of 25% of the value at the left fringe, there is a
good agreement between T ∗ and T˜ in the weakly inter-
acting regime. We then investigate the role played by
the confinement-induced effective range on the pseudo-
gap formation temperature of T˜ and see that the effec-
tive range shifts the pseudogap window towards weaker
binding energies. Finally, we compare our results to the
recent radio-frequency (rf) spectroscopy measurements
of the pseudogap regime by Murthy et al. in Ref. [21],
which is the most promising way to experimentally map
out the pseudogap regime. For this purpose, we also
calculate rf-spectra for a trapped system from the an-
alytically continued Green’s function, and examine the
role of the confinement-induced effective range. A good
qualitative agreement is found between the experimental
data and the theoretical pseudogap regime defined by T˜ .
However, we find that the inclusion of the confinement-
induced effective range does not improve the agreement.
The rest of our manuscript is set out as follows. In
Sec. II, we introduce the two-channel model Hamiltonian
and outline the many-body T -matrix theory. In Sec. III,
we calculate the specific heat at constant volume for a
2D interacting Fermi gas, and using the properties of
the specific heat we determine the pseudogap regime and
compare it to the pseudogap regime found from the DoS.
In Sec. IV, we compare our results to the recent experi-
mental measurements, by calculating the rf-spectra and
the pseudogap temperature. And finally in Sec. V, we
summarize our findings. For simplicity we set ~ = 1
throughout.
II. HAMILTONIAN
We start our calculation of the many-body Green’s
function within a two-channel model of the 2D inter-
acting Fermi gas in the normal state, described by the
FIG. 1. (color online) The Feynman diagrams for (a) the
fermion self energy, (b) the molecular self-energy, and (c) the
vertex function within the ladder-approximation.
Hamiltonian [42–45]:
H =
∑
kσ
ξkc
†
kσckσ +
∑
q
(q/2 + ν − 2µ) b†qbq
+gb
∑
kq
(
bqc
†
q/2+k↑c
†
q/2−k↓ + H.c.
)
, (1)
where H.c. is the Hermitian conjugate, ckσ are the anni-
hilation operators of atoms with spin σ =↑, ↓ and mass
M in the open channel, and bq are the annihilation op-
erators of molecules in the closed channel. The kinetic
energy of the Fermi atoms measured from the chemical
potential µ is ξk = k − µ, where k = k2/(2M). The
threshold energy of the diatomic molecule is ν and the
Feshbach coupling is gb. As we have used a momentum-
independent Feshbach coupling constant, which is un-
physical at the high energy, there is an ultraviolet diver-
gence. This divergence can be removed by renormalizing
ν, as we discuss in detail in Appendix A. ν and gb are
related to the physical observables of the binding energy
εB and the effective range of interactions Rs < 0 via,
ν = −εB + g2b
∑
k
1
2k + εB
, (2)
g2b = −
4pi~4
M2
1
Rs
. (3)
A. Many-body T -matrix theory
We consider the effect of pair fluctuations on the nor-
mal state properties of a strongly-correlated Fermi sys-
tem through the non-self-consistent T -matrix approxi-
mation. The interacting thermal Green’s function of
fermions at temperature T is given by [9, 44, 46],
G(k, iωm) =
1
iωm − (k − µ)− Σa(k, iωm) , (4)
where we sum all of the ladder-type diagrams to obtain
the self-energy (see Fig. 1(a)),
Σa = kBT
∑
q,iνn
G(0) (q− k, iνn − iωm) Γ (q, iνn) . (5)
3Here, the fermionic and bosonic Matsubara frequencies
are respectively ωm = (2m+ 1)pikBT and νn ≡ 2npikBT
for integers m and n, and the free Green’s function
is G(0)(k, iωm) = (iωm − ξk)−1. The vertex function
Γ (q, iνn), which is an effective bosonic propagator, can
be written through Fig. 1(c),
Γ−1 (q, iνn) = U−1eff (q, iνn) + Π (q, iνn) , (6)
with the effective interaction Ueff ≡ g2bD0(q, iνn) and the
pair propagator Π(q, iνn),
Π = kBT
∑
k,iωm
G(0) (q− k, iνn − iωm)G(0) (k, iωm) ,
= kBT
∑
k,iωm
1− f(ξ q
2−k)− f(ξ q2+k)
2k − 2µ+ q/2− iνn . (7)
Here, the free Green’s function of a molecular boson is
D0(q, iνn) = 1/
[
iνn − Bq
]
with dispersion Bq = q/2 −
ν + 2µ. As shown in Fig. 1(b), similar to the fermionic
Green’s function, the interacting Green’s function of the
molecular boson also includes a self-energy correction,
D(q, iνn) =
1
iνn − q/2− ν + 2µ− Σm(q, iνn) , (8)
where Σm(q, iνn) is given by
Σm = −g2bΠ(q, iνn). (9)
At a given temperature, binding energy and effective
range we tune the chemical potential to satisfy the par-
ticle number equation:
N = Na + 2Nm
= 2kBT
∑
k,iωm
G(k, iωm) + 2kBT
∑
q,iνn
D(q, iνn). (10)
To make the equations dimensionless, we define the Fermi
units kF = (2pin)
1/2, εF = k
2
F/(2M), and TF = εF/kB ,
where n = N/V = k2F/2pi is the total density and V is
the area (or the volume in 2D). We then converge the
chemical potential µ/εF at a given reduced temperature
T/TF, binding energy εB/εF, and effective range k
2
FRs.
The closed set of Eqs. (4)-(9), can be solved directly
with a numerical sum over the Matsubara frequencies,
as done in Ref. [46]; however within this methodology it
is difficult to numerically continue the thermal Green’s
function to the real axis, which is needed for obtaining
the spectral function and the DoS. Alternatively, we can
analytically continue the Matsubara frequencies to the
real axis first, allowing us to directly calculate the an-
alytically continued Green’s function [20, 47, 48]. The
thermal Green’s function then becomes
G(k, ω+) =
1
ω+ − (k − µ↓)− Σa(k, ω+) , (11)
where ω+ ≡ ω + i0+. Using contour integration the self-
energy function takes the form [49],
Σa(k, ω
+) =ˆ
dq
(2pi)2
d
pi
[
b()G(0)(k− q, − ω+)ImΓ(q, +)
− f()ImG(0)(k, +)Γ(k + q, + ω+)
]
, (12)
where f(z) = [exp(βz) + 1]−1 and b(z) = [exp(βz)−1]−1
are the Fermi and Bose distributions respectively, with
β ≡ 1/(kBT ). We then find the imaginary part of the
analytically continued self-energy,
Im [Σa(k, ω)] =
ˆ
dq
(2pi)2
d
2pi
[b() + f(− ω)]
× ImΓ(q, ) ImG(0)(q− k, − ω), (13)
and we calculate the real part of the self-energy from the
Kramers-Kronig relation,
Re [Σa(k, ω)] =
1
pi
P
ˆ ∞
−∞
dω′
Im [Σa(k, ω
′)]
ω′ − ω . (14)
The DoS is calculated by analytically continuing the
fermionic Green’s function and integrating over the mo-
menta
ρ(ω) = − 1
pi
∑
k
ImG(k, iωm → ω + i0+),
≡
∑
k
A(k, ω + i0+). (15)
It is possible to relate the above many-body T -matrix
theory to the Nozie`re-Schmitt Rink [50, 51] approach by
truncating the self-energy to the first order, i.e.,
G(k, iωm) = G0(k, iωm) +G0Σa(k, iωm)G0. (16)
This is equivalent to writing the thermodynamic poten-
tial for a two-channel model
Ω = Ω
(0)
F + Ω
(0)
B −
∑
q,iνn
ln
[
1 + g2bD0Π(q, iνn)
]
, (17)
where Ω
(0)
F = 2
∑
k ln(e
−βk + 1) is the free fermionic
thermodynamic potential and Ω
(0)
B =
∑
q ln(e
−βBq − 1)
is the free bosonic thermodynamic potential. Although
the pressure equation of state (EoS) and thermodynamic
properties can be calculated from the density equation of
state in Eq. (10) via the Gibbs-Duhem relation [12, 28],
we use the NSR approach for the calculation of the spe-
cific heat at constant volume as this is considerably sim-
pler: it is more feasible to calculate numerically the
derivatives with respect to the chemical potential and
interaction strength. We expect that there is a small
correction to the specific heat at constant volume when
the self-energy becomes more significant and the approx-
imation of Eq. (16) weakens.
4Through the thermodynamic potential we can calcu-
late the thermodynamic properties of the system, start-
ing with the pressure EoS P = Ω/V , the energy E =
−TS + Ω + µN , and the entropy S = − (∂Ω/∂T )µ [45].
The specific heat at constant volume is given by
CV =
(
∂E
∂T
)
V,N
. (18)
For the specific heat at constant volume it is simplest
to calculate the derivative of the energy with respect to
temperature numerically:
CV =
E [µ(T + δ), T + δ]− E (µ(T − δ), T − δ]
2δ
, (19)
and where we set δ = 0.01TF [14].
We note that since the superfluid transition tempera-
ture predicted by the Thouless criterion is precisely zero
in two dimensions [1, 52], we do not consider the finite-
temperature transition in this work. It is also impor-
tant to note the limitations and benefits of the non-self-
consistent T -matrix scheme. This T -matrix scheme is
useful as it is possible to analytically continue the Green’s
function and directly obtain spectral functions: we do
not rely on a numerically unsound procedure. The non-
self-consistent T -matrix approximation is well defined
and works well in the high temperature regime where
the interaction strength effectively becomes weaker, in
the tightly-bound limit where the binding energy B 
εF and molecules are well-formed, or in the weakly-
interacting limit where the binding energy is exponen-
tially small. However, when the interactions between
performed molecules are strong, such as in the strongly
correlated regime and at sufficiently low temperatures,
the chemical potential approaches the binding energy and
we expect the non-self-consistent T -matrix theory to give
incorrect results [29]. In this work we avoid this problem
as we focus on the relatively high temperature regime
(i.e., at temperatures larger than a characteristic BKT
temperature of ∼ 0.1TF .)
III. RESULTS
A. specific heat
We first consider the broad resonance limit and let
gb → ∞, i.e. k2FRs = 0, in order to understand the
general properties of the specific heat at constant vol-
ume. Figure 2(a) shows the reduced chemical potential
in units of the Fermi energy as a function of temperature,
T/TF. We see that the temperature dependence of the
chemical potential for each binding energy is non-trivial,
and as we go towards the strongly-correlated and low
temperature regime we see the chemical potential has a
maximum value, indicating the tendency of a transition
towards the superfluid state.
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FIG. 2. (color online) (a) The chemical potential in units
of the Fermi energy for binding energies εB/εF = 0.01 (black
dotted), 0.1 (purple dot-dashed), 0.3 (blue dashed), and 0.75
(red solid) and (b) the specific heat at constant volume in
units of C0 = NkB as a function of reduced temperature for
the same binding energies. The ideal Fermi gas specific heat
predicted by Eq. (20) is shown as the symbols.
In Fig. 2(b) we plot the specific heat at constant vol-
ume in units of C0 = NkB, as a function of tempera-
ture from the weakly-attractive BCS side to the strongly-
correlated regime. We see that for the weakest binding
energy, εB/εF = 0.01, the specific heat is reduced to the
ideal Fermi gas specific heat at constant volume:
CFV = 2
Li2
(−eβµ)
Li1 (−eβµ) −
Li1
(−eβµ)
Li0 (−eβµ) . (20)
In the high temperature limit (i.e., T > TF ), the specific
heat for all interactions is approaching CV = NkB . In
the relatively high temperature regime (i.e., T ∼ 0.3TF ),
the specific heat is enhanced compared to the ideal gas
result, and typically exhibits a peak structure. As we
move from the weakly-attractive regime to the strongly-
coupled regime, the enhancement or peak first increases
and then decreases. As we shall discuss in greater de-
tail below, this enhancement connects to the many-body
pseudogap pairing. Before doing so, let us briefly review
the DoS, which provides a conventional characterization
of the pseudogap regime.
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FIG. 3. (color online) The density of states is plotted as a
function of frequency in units of ρ0 = m/pi for an interaction
strength of εB/εF = 0.3 and a range of temperatures.
B. Density of states
Indeed, it has been discussed in a range of works that
in both two and three dimensions the DoS can be used to
find the pseudogap formation temperature [5]. In Fig. 3
we plot the DoS at the interaction strength εB/εF = 0.3
for a range of temperatures, normalized by the ideal den-
sity of states, ρ0 = m/pi, and showing the evolution of the
suppression, or dip, near zero frequency with respect to
the chemical potential. It is readily seen that, as the tem-
perature reduces the suppression in the density of states
increases. In this work we choose to take the pseudogap
formation temperature T ∗ when there is a significant dip
near the Fermi surface [12], that is, when the lowest value
near ω/εF ' 0 is 25% lower than the left peak value. In
this way, we can approach the BKT transition temper-
ature in the weakly interacting regime, and as the tem-
perature is lowered the system will move directly from a
normal Fermi liquid to a superfluid.
C. Phase diagram
To understand the enhancement of the specific heat
at constant volume in the relatively high temperature
regime we plot in Fig. 4(a) CV as a function of bind-
ing energy at a fixed temperature T/TF = 0.3. We see
there is a clear enhancement of CV peaked at binding en-
ergy εB/εF ' 0.3, indicating that in this regime there are
high-temperature many-body Cooper pairs forming. The
specific heat smoothly evolves from an ideal Fermi gas
CFV on the weakly attractive BCS side to an ideal Bose
gas CBV of mass 2M and density N/2 on the strongly at-
tractive BEC side. Here, the ideal Bose gas specific heat
at constant volume takes the same form as in Eq. (20)
[53]; however, the chemical potential is determined using
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FIG. 4. (color online) (a) The specific heat at constant vol-
ume in units of C0 = NkB as a function of binding energy
εB/εF. The Fermi and Bose ideal limits are shown square
and circular symbols, respectively. (b) The fluctuation con-
tribution to the number equation, Nfluc = −∂ΩNSR/∂µ (red
dot-dashed) and twice the number NB of stable molecules
(blue solid). (c) Phase diagram of the 2D Fermi gas as func-
tion of binding energy and reduced temperature. Crossover
to many-body pairing (PG) from the the normal Fermi gas
(NF) found from CV is given by T˜ (red dot-dashed). T
∗ (black
dashed) is the pseudogap formation temperature found from
the density of states. Tc (blue solid) defines the BKT tran-
sition to a superfluid (SF) and is given by the Gaussian pair
fluctuation theory in Ref. [25]. The temperature T2 where
µ(T2) = 0 (purple dashed) is the crossover temperature to-
wards a two-body dominated regime.
the number equation for an equivalent Bose system with
mass 2M and density N/2.
To see how these many-body pairs arise, we plot in
Fig. 4(b) the fluctuation contribution to the total number
density, Nfluc = −∂ΩNSR/∂µ, as a function of the binding
6energy (red dot-dashed line), where
ΩNSR = − 1
pi
∑
q
ˆ ∞
−∞
dω
eβω − 1δ(q, ω), (21)
and δ(q, ω) ≡ −Im ln[−Γ−1(q, ω + i0+)]. The contribu-
tion of Nfluc to the total density can be thought of as
renormalized Cooper-pair fluctuation and can be broken
into contributions from metastable pairs and scattered
states [42, 54]. In particular, if there is no Fermi surface
and the chemical potential is negative, i.e. µ < 0, it is
possible to divide the fluctuation contribution into twice
the number of stable molecules NB (blue solid line) and
of scattered states Nsc (not shown in the figure) [14, 42].
We plot in Fig. 4(b) twice the number of stable molecules
NB for binding energies greater than εB/εF > 0.5, where
NB can be calculated from the bound state contribution
[55]. For binding energies below this value the chemical
potential is positive and the stable molecule formulation
is unphysical. Thus, it is clear that the contribution of
pairs below binding energies εB/εF ∼ 0.5 should be from
many-body pairing and gives rise to the enhancement of
the specific heat at constant volume CV .
Following the idea of Ref. [14] we take the minimal
value of CV (T/TF) as a characteristic transition tem-
perature, T˜ , between the normal Fermi gas (NF) and
a many-body paired system, i.e. the pseudogap regime
(PG). This value signifies the deviation from the ideal
CV in the weakly attractive regime, and breaks down
as we approach strongly attractive interactions, and can
be seen as the minimum value in Fig. 2, for tempera-
tures above where the chemical potential is unphysically
tending towards the binding energy. This is not a true
transition temperature to the pseudogap regime but a
characteristic transition.
We plot a phase diagram in Fig. 4(c) showing the
crossover temperature to the pseudogap regime defined
by T˜ (red dot-dashed) and T ∗ (black dotted), and the
BKT transition temperature Tc to a superfluid (SF)
found by the Gaussian pair fluctuation theory in Ref. [25]
(blue solid). We show also the crossover line to a regime
dominated by two-body physics by the curve µ(T2) = 0
(purple dashed). This line bounds the pseudogap regime
as we increase the binding energy. All together, the three
lines of the characteristic temperatures, T˜ , Tc and T2, en-
close a pseudogap regime. We note that the calculation of
µ(T2) = 0 is stopped for temperatures below T/TF = 0.2
due to the break-down of the NSR and T -matrix schemes.
D. Effective range dependence
We now move to consider the confinement-induced ef-
fective range dependence of the specific heat at constant
volume and of the pseudogap formation temperature.
We show CV in Fig. 5 as a function of binding energy,
εB/εF for a negative effective ranges k
2
FRs = 0 to −3
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FIG. 5. (color online) The specific heat at constant volume
in units of C0 = NkB as a function of interaction strength
εb/εF for negative effective ranges: k
2
FRs = 0 (black dotted),
k2FRs = −0.5 (purple dot-dashed), k2FRs = −1 (blue dashed),
k2FRs = −1.5 (red solid), and k2FRs = −3 (green dot-dot-
dashed), for temperatures (a) T/TF = 0.25, (b) T/TF = 0.5,
(c) T/TF = 1.0.
and temperatures (a) T/TF = 0.25, (b) T/TF = 0.5, (c)
T/TF = 1.0.
The behavior of CV as a function of decreasing effec-
tive range is non-trivial: we find that the enhancement
in the middle interaction regime (around εB/εF ' 0.3)
dampens for each temperature, as the negative effective
range decreases. This is most likely due to the system
more readily forming bound molecules with decreasing
negative effective range. For increasing temperature the
peak value is also decreasing, and this is to be expected,
as for higher temperatures the role of many-body pair-
ing decreases. We also see that the peak value shifts
to larger binding energies at high temperatures as the
effective range decreases, due to a non-trivial compe-
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FIG. 6. (color online) The pseudogap formation temperature
T˜ found from the specific heat for a range of negative effective
ranges for k2FRs = 0 (black dot-dashed), k
2
FRs = −0.5 (purple
dashed), k2FRs = −1 (blue dotted), and k2FRs = −2 (red
solid). We also show the characteristic temperature T2 defined
by µ(T2) = 0 using different symbols. At the same effective
range, the color is same for lines (T˜ ) and symbols (T2).
tition of pair formation with decreasing effective range
and high temperatures. Furthermore, in the weakly at-
tractive (εB/εF < 0.1) and tightly bound (εB/εF > 5)
limits, the specific heat at constant volume more slowly
approaches the ideal gas limits, as the effective range de-
creases.
Following the same method to define a pseudogap tran-
sition temperature T˜ as in Fig. 4, we calculate the effec-
tive range dependence of the pseudogap formation and
report this main result of our work in Fig. 6. The effective
ranges are k2FRs = 0 (black dot-dashed), k
2
FRs = −0.5
(purple dashed) , k2FRs = −1 (blue dotted), and k2FRs =
−2 (red solid). We also plot the crossover temperature
T2 to a molecule dominated system defined by µ(T2) = 0
using different symbols but the same color for each ef-
fective range. The effective range shifts the pseudogap
region to weaker binding energies. This is due to the fact
that the system more readily forms molecular states with
decreasing effective range and increasing binding energy.
The interaction window where the pseudogap regime ex-
ists remains approximately the same size, however for the
smallest effective range (k2FRs = −2) in the figure, the
pseudogap formation temperature is still large for weak
interactions. This effect can also be seen in Fig. 5(a),
where for decreasing effective range and binding energy,
CV is more slowly approaching the ideal gas result.
IV. COMPARISON TO THE EXPERIMENT
In this section we outline how to compare our two-
channel calculations to the recent experimental observa-
tions of Murthy et al. in Ref. [21], with and without
the confinement-induced effective range. For this pur-
pose, we include the effect of an inhomogeneous trap
through the local density approximation (LDA), µ(r) =
µg − 12Mω2r2, where µg is the global chemical potential,
ω is the trap frequency, and r is the distance from the
center of the trap. We denote the dimensionless radii as
r˜ ≡ r/RTF, R2TF = 2kBTF/(mω2) is the Thomas-Fermi
radius for a zero-temperature non-interacting trapped
Fermi gas, and the trap Fermi energy EF = (2N)
1/2
ω.
We find the global chemical potential by enforcing that
the total number of atoms satisfies N =
´
drn(r), where
n(r) = 2kBT
ˆ
dk
(2pi)2
dωA(k, r, ω)nF(ω), (22)
the Fermi distribution is nF(ω) = 1/
(
1 + e−βω
)
, and
A(k, r, ω) = (−1/pi) ImG(k, r, ω + i0+) is the spectral
function found from the trap dependent Green’s function.
The inhomogeneous trap means we have trap dependent
temperature T/TF(r) and interaction ln[kF(r)a2D].
The experiment in Ref. [21] measures the local spec-
tral response of a trapped 2D Fermi gas through radio-
frequency (rf) spectroscopy. Rf spectroscopy can give
information about the properties of the system, by ap-
plying a short rf pulse to flip the spin states from an ini-
tial strongly interacting system into a weakly-interacting
final state and then by measuring the number of trans-
ferred atoms. This can then be repeated for a range
of detunings of the rf pulse and information about the
single-particle properties can be measured. In order to
compare the spectra found from the experiment, we cal-
culate the trap dependent rf-spectra. When there is no
final state interaction we can take the rf response to be
[20, 47]:
Irf(ω, r) = 2
ˆ
dk
(2pi)2
f(ξk,r − ω)A(k, ξk,r − ω), (23)
where ξk,r = k − µ(r). As a self-consistent check to our
calculation of the rf spectra, we can calculate the number
density, i.e.
N =
ˆ ∞
−∞
dω
ˆ
drIrf(ω, r). (24)
To compare our two-channel results to the experimen-
tal local rf spectra we need to fix a realistic confinement-
induced effective range. This can be done as follows.
Using the experimentally measured values of the binding
energy and Fermi energy we define the ratio εB/εF to
obtain the dimensionless effective range for a given inter-
action. We require that the two-body T -matrix T2B(E
+)
and the quasi-2D scattering amplitude share the same
pole (the same binding energy εB) [40]. It is readily seen
that the binding energy εB = κ
2/M is related to the
effective range Rs by,
Rs =
2 ln (κas)
κ2
, (25)
8−1.0 −0.5 0.0 0.5 1.0 1.5 2.00.0
0.1
0.2
0.3
0.4
I r
f
(a
rb
.
u
n
it
s)
(a) εB/εF = 0.2
T/TF = 1.0
−2 0 2 4
ω/εF
0.0
0.1
0.2
0.3
0.4
I r
f
(a
rb
.
u
n
it
s)
(b) εB/εF = 1.2
T/TF = 0.7
FIG. 7. (color online) Comparison of the local spectra
from the T -matrix (solid lines), with a finite negative effec-
tive range (dashed-line), and experimental results of Ref. [21]
(symbols). (a) is for central binding energy εB/εF ' 0.2
and local temperature T/TF = 1.0. (b) is from interaction
strength εB/εF ' 1.21 and local temperature T/TF = 0.7.
The green dashed lines are the threshold energy and black
dotted are the free energy, both determined experimentally.
where the 2D scattering length as is defined in Appendix
A. Using the defined binding energy the dimensionless
effective range Rs/a
2
s and central effective range k
2
FRs is
then found.
In Fig. 7 we compare the rf spectroscopy found from
the T -matrix approximation and from Figs. 3(c) and
3(d) of Ref. [21]. We have taken the experimental values
of εB = 1.37kHz in Fig. 7(a) and 9.31kHz in Fig. 7(b),
and local Fermi energies εF = 6.56kHz and 7.61kHz
at two fixed radii r as in the experiment, respectively.
This defines a confinement-induced effective range of
Rs/a
2
s ' −0.2 and Rs/a2s ' −1.2, respectively.These
binding energies correspond to Feshbach resonances of
670G and 690G and we use the measured local trap tem-
peratures of T/TF = 1.0 and T/TF = 0.7. Although there
is a realistic effective range in the experiment, for com-
parison in Fig. 7 we also show the theoretical predictions
without effective range using red solid lines.
Quite generally, there are two peaks in the spectra.
The right peak, referred to as the pairing peak, comes
from the signal of Cooper pairs. The left peak, referred
to as the free peak, is contributed from free, unpaired
atoms. In order to compare theoretical and experimen-
tal spectra, we normalize our spectra to have the same
peak value for the pairing peak, and shift the peak to
have its maximum at the same frequency. This shift may
minimize the residual final-state effect, which is present
in the experiment but is not captured by our theory.
Firstly, the results at smaller binding energy in
Fig. 7(a) match quite well for the whole spectra when
there is no finite effective range. Using the same fitting
method in Ref. [21] to determine the threshold energy,
which is the energy required to break a pair, we find
that the threshold and free-peak energies are similar to
the experimental values. These experimental values are
plotted in Fig. 7(a) using the vertical lines. The ratio of
the difference of these energies to the binding energy in-
dicates that we are in the pseudogap regime for this inter-
action strength and local temperature. When including
the finite negative effective range, the agreement between
theory and experiment becomes worse and the free peak
shifts to negative values of the rf frequency. This red
shift is due to the chemical potential being slightly lower
and the system more easily forming molecular pairs.
For the strongly attractive regime in Fig. 7(b), we see
the spectra match well for the pairing peak, but not
for the free peak, which is strongly renormalized by the
chemical potential. The threshold energy is then quite
similar: there is closer agreement between the theoreti-
cal threshold energy with the finite effective range and
the experimental threshold energy. If we take the ratio
of the difference of the theoretically determined free and
threshold energies to the binding energy we would find
that for this interaction and temperature we are also in
the pseudogap regime, which we would not expect. This
is most likely due to the global chemical potential being
negative for large interaction strengths, making the free
peak shift to negative frequencies [56]. It is well known
that for a large negative chemical potential the Fermi
surface is breaking down and two-body bound pairs can
form for any binding energy and we are actually not in
the pseudogap regime. In this regime the BCS pairing
picture gives a fictitious pairing gap as the chemical po-
tential is the gap [5]. In the experiment in order to mea-
sure the free peak they introduce a population imbalance,
which creates a broader free peak structure, we do not
consider this imbalance in this work, as in the experiment
it is only used as a tool to measure the pairing. Exper-
imentally the free peak is then centered around zero rf
frequency.
The comparison of our theoretical results of the rf-
spectra with and without effective range to the exper-
imental data suggests that we can hardly follow the
experimental procedure to reliably determine the pseu-
dogap regime, by using the theoretically simulated rf-
spectra. This is partly due to the fact that, for rf-spectra
the many-body T -matrix becomes less accurate in the
strongly correlated regime where εB ∼ εF. The com-
parison between theory and experiment is further com-
plicated by the fact that, in the current treatment our
theory fails to account for the final-state effect. Thus, at
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FIG. 8. (color online) Pseudogap transition temperature
phase diagram. The red dot-dashed curve is the specific heat
prediction, purple dashed is the curve where the chemical
potential becomes negative, the blue solid curve is the BKT
transition temperature from the GPF calculation, which are
in units of the homogeneous Fermi temperature and energy.
this stage it seems more reliable for us to theoretically
determine the pseudogap regime using the specific heat
at constant volume.
In Fig. 8, we re-plot the phase diagram for the pseu-
dogap regime found from the specific heat at constant
volume at zero effective range and compare it to the ex-
perimental result (see, i.e., Fig. 4(b) in Ref. [21]). Here,
we do not consider the effective range, since the effect of
the effective range does not unambiguously show up in
the rf-spectra as we have just discussed. From the fig-
ure, we see that the experimental result at T ∼ 0.5TF
agrees well with the predicted pseudogap regime. Exper-
imentally the confinement-induced effective range k2FRs
changes as a function of the binding energy and trap
temperature, so it is difficult to have a defined effective
range for the entire crossover regime. We would expect
that not considering a finite negative effective range to
be reasonable in the weakly interacting regime and as
the binding energy increases we would expect the nega-
tive confinement-induced effective range to become more
important and shift the upper and lower bounds of the
pseudogap transition towards smaller binding energies.
V. CONCLUSIONS
In summary, we have explored the pseudogap regime of
a strongly interacting Fermi gas confined to two dimen-
sions with and without a negative confinement-induced
effective range. Using the specific heat at constant vol-
ume as a probe for high-temperature many-body pair-
ing we have found that in two-dimensions it can be used
to determine a good characteristic pseudogap formation
temperature when compared to the traditional method of
defining the pseudogap regime through a suppression in
the density of states. We have seen that, as the effective
range decreases, the pseudogap regime shifts to weaker
binding energies as the system more preferentially forms
pairs.
By comparing our calculations to the recent exper-
iment of Ref. [21], we have obtained good qualitative
agreement. Plotting directly the measured in-trap radio-
frequency spectra, we have shown our results match well
the experimental data in the pseudogap regime, and in
the strongly-correlated regime the differences can be un-
derstood. We have also shown that at high temperatures
the many-body pairing regime experimentally defined
through radio-frequency measurements fits well with the
pseudogap regime theoretically determined from the spe-
cific heat at constant volume. However, under the cur-
rent experimental conditions, it seems difficult to clearly
discriminate the effect of the confinement-induced effect
range in the radio-frequency spectra and on the pseu-
dogap window, largely due to the insufficient theoretical
accuracy for the radio-frequency spectra and insufficient
experimental resolution.
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Appendix A: Two-body scattering
Here, we solve the two-particle problem and renormal-
ize the threshold detuning ν. For this purpose, we seek to
write the detuning ν and the channel coupling gb in terms
of physical observables, by comparing the two-body T -
matrix to the quasi-2D scattering amplitude. The two-
body T -matrix in vacuum is (E+ ≡ k2/M + i0+),
T−12B
(
E+
)
= U−1eff
(
E+
)
+
∑
p
1
2p − E+ , (A1)
where p ≡ ~2p2/(2M) and the effective interaction in
the presence of the channel coupling is given by
Ueff
(
E+
)
=
g2b
E+ − ν . (A2)
Using a large momentum cut-off Λ→∞ in the integral,
we find that
T−12B
(
E+
)
=
k2/M − ν
g2b
+
M
4pi
(
ln
[
Λ2 − k2
k2
]
+ ipi
)
.
(A3)
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In the limit of k → 0, we would have T2B(E+) =
(~2/M)fQ2D (k). Thus, we consider the low-energy ex-
pansion of the quasi-2D scattering amplitude in [57, 58]:
fQ2D(k → 0) = 4pi√
2piaz/a3D +$ (k2a2z/2)
, (A4)
where az ≡
√
1/(Mωz is the harmonic oscillator length,
a3D is the 3D s-wave scattering length, and the function
$(x) has the form $(x→ 0) ' − ln(2pix/B)+2x ln 2+ipi
for B = 0.9049. This leads to
T2B
(
E+
)
=
m
4pi
(−2 ln [kas]−Rsk2 + ipi) , (A5)
where as ≡ az
√
pi/Bexp(−√pi/2az/a3D) is the 2D s-
wave scattering length and the detuning and Feshbach
coupling satisfy
as =
1
Λ
e
2piν
gbM , Rs = −4pi~
4
M2
1
g2b
. (A6)
We remove the cut-off Λ by considering the pole of the
two-body T -matrix T2B(E), E = EB , finding that,
ν = EB + g
2
b
∑
k
1
2k − EB . (A7)
The binding energy can be set by εB = −EB = κ2/M
where we have set k → iκ. The effective interaction
strength is then
1
Ueff
= −
∑
k
1
2k + εB
− M
2Rs
4pi
(
iνn − q
2
+ 2µ+ εB
)
.
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